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I. INTRODUCTION
The discovery of the electronic Z 2 topological insulator [1] [2] [3] [4] [5] provides an enormous impetus to the subject of symmetry-protected topological (SPT) phases, which have been one of central issues in condensed matter physics for a decade. The SPT phases are characterized by a gapped short-range entangled ground state which cannot be adiabatically deformed to a trivial product state or an atomic insulator in the presence of a certain symmetry [6] [7] [8] . Consequently, if an SPT phase is put on a space with a boundary, degenerate boundary states emerge as long as the symmetry of the bulk is preserved. Many examples of SPT phases are discovered for both bosonic [6] [7] [8] [9] [10] [11] [12] [13] [14] and fermionic systems [15] [16] [17] [18] [19] [20] [21] [22] through classification theories.
In this paper, we focus on the bosonic analog of the electronic Z 2 topological insulator in (2+1)-dimensional spacetime. The bosonic topological insulator or the bosonic quantum spin-Hall insulator, which is introduced in Ref. [7] , is a (2+1)D bosonic SPT phase protected by U(1) and the time-reversal Z T 2 symmetry, where the symmetry group is U(1) Z T 2 and the time-reversal operator squares to 1. For the the electronic Z 2 topological insulator in class AII (the class with Pinc + structure, i.e., fermionic U(1) Z T 2 symmetry), a simple lattice model is available and various physical systems have shown to support the phase [1-3, 5, 23, 24] . On the other hand, a realization of the bosonic counterpart is still elusive even though bulk topological response and surface anomaly are extensively studied through the group-cohomology classification [7, 25] , the Chern-Simons K-matrix theory [26] , non-linear sigma models [27, 28] , the bordism theory [29] , and a proposal for microscopic realization [30] .
In light of this situation, we construct an exactly solvable interacting lattice model for the bosonic topological insulator in the present papar as a starting point toward realization of the phase. We note that the authors of Ref. [7] discuss the construction of a lattice model for the * yusuke.horinouchi@riken.jp bosonic topological insulator which is characterized by the Dijkgraaf-Witten response action classified by the cohomology group of H 3 (U(1) Z T 2 ; U (1) T ). However, algebraic derivation of the 3-cocycle in H 3 (U(1) Z T 2 ; U (1) T ), which is crucial for construction of a concrete model, is not explicitly performed in Ref. [7] , and furthermore, the model construction requires the group ring C[U(1) Z T 2 ] as a local Hilbert space for which we do not know corresponding physical degrees of freedom. Therefore, we here take a different strategy which is an extension of the Dijkgraaf-Witten theory: We employ decorated domainwall construction of an SPT phase [31] , in which we decorate a codimension-q symmetry-breaking domain wall with (d-q)-dimensional SPT phases (see Sec. II for details). As we demonstrate in the subsequent sections, the method of the decorated domain wall allows us to construct an exactly solvable lattice model whose physical degrees of freedom are spins (hardcore bosons). To show that the constructed model indeed realizes the bosonic topological insulator phase, we examine a nontrivial topological response which is predicted in Ref. [25] . Namely, we demonstrate an emergence of a Kramers doublet on a boundary of the bosonic topological insulator, if the system is put on a semi-infinite cylinder which is penetrated by a π-flux of the U(1)-gauge field. We also explicitly derive a non-onsite representation of U(1) Z T 2 symmetry on the boundary, which is a manifestation of the surface anomaly.
We organize the paper in the following manner: In Sec. II, we review the concept of the decorated domainwall interpretation of cohomology groups that classify the SPT phases. In particular, we argue that the bosonic topological insulator can be interpreted as decorated domain walls using a spectral-sequence approach to the cobordism theory. Based on the decorated domainwall interpretation of SPT phases, we then construct in Sec. III a commuting projector Hamiltonian that realizes the bosonic topological insulator. The uniqueness of the ground state follows naturally from the structure of the constructed Hamiltonian. A idea behind the model construction is discussed by using a toy model. In Sec. IV, we show that the constructed lattice model indeed real-izes the bosonic topological insulator by demonstrating a non-trivial topological response of the model. We put the constructed lattice model on a semi-infinite cylinder with an inserted π-flux, and show that the boundary of the cylinder supports a Kramers doublet. We also argue that the boundary of the semi-infinite cylinder exhibits a 't Hooft anomaly which manifests itself as a non-onsite representation of the U(1) Z T 2 symmetry. In Sec. V, we discuss 't Hooft anomaly matching of the model. Within a simple surface theory, we show that the ground state is either gapless or breaks time-reversal symmetry, which indeed matches the anomaly of the U(1) Z T 2 symmetry.
II. DECORATED DOMAIN WALL INTERPRETATION
Our model construction is based on a physical decorated domain-wall interpretation of the cohomology group that classifies the SPT phases in question. In this section, we first briefly review the concept of decorated domain-wall construction with a simple example of (1+1)D SPT with Z 2 × Z 2 symmetry, i.e. the Haldane phase. We then apply the scheme to the (2+1)D bosonic topological insulator protected by U(1) Z T 2 symmetry.
A. Warm up: (1+1)D SPT phase with Z2 × Z2 symmetry
We first consider the (1+1)D SPT phase with Z 2 × Z 2 symmetry, which is classified by the cohomology group
whose generator is the nontrivial SPT phase known as the Haldane phase protected by the dihedral symmetry. Here the labels L and R are introduced formally to distinguish the two Z 2 symmetries. A physical interpretation of the cohomology group H 1 Z L 2 ; H 1 (Z R 2 ; U(1)) on the righthand side of Eq. (1) is given in Ref. [31] , which we review in the following, where the generator of the cohomology group H 1 Z L 2 ; H 1 (Z R 2 ; U(1)) is directly related to the wave function of the Haldane phase.
Recall first that the coefficient H 1 (Z R 2 ; U(1)) in Eq. (1) classifies the (0+1)D SPT phases protected by Z R 2 symmetry. Namely, the two elements of H 1 (Z R 2 ; U(1)) Z 2 represent the trivial and non-trivial Z R 2 -SPT phases which are the charges 0 CR and 1 CR of the Z R 2 symmetry, respectively. We thus obtain
where the label CR refers to the charge of the Z R 2 symmetry. Then, according to the standard algebraic definition of group cohomology, the generator of the cohomology group H 1 Z L 2 ; H 1 (Z R 2 ; U(1)) is the following homogeneous cocycle:
ω(g 0 , g 1 ) = |1 CR if (g 0 ,g 1 )=(1,0) or (0,1), |0 CR if (g 0 ,g 1 )=(0,0) or (1,1).
To clarify the relation between the cocycle ω and the SPT wave function of the Haldane phase, let us consider a spin-1/2 chain, where we identify the eigenvalues 1 and −1 of the Pauli matrix σ z with the two elements 0 and 1 of the symmetry group Z L 2 , respectively. Then the cocyle Eq. (3) can be regarded as a function which maps nearby two spins to Z R 2 charges. Consequently, Eq. (4) signifies that the Z R 2 -charge |1 CR (|0 CR ) is assigned to a bond of the spin chain if the two edges of the bond is occupied with spins in the opposite (the same) direction. In short, the nontrivial cocycle ω signifies that a nontrivial Z R 2charge |1 CR is decorated to each spin-domain wall. By taking an equal-weight superposition of the domain-wall configuration, we finally obtain the Z L 2 × Z R 2 -symmetric SPT wave function.
An exactly solvable lattice model which realizes the above decorated domain-wall wave function is the wellknown cluster Hamiltonian:
where σ and τ are Pauli matrices which are defined on vertices and links, respectively. The generators of Z L 2 × Z R 2 symmetry are given by the operators j σ x j and j τ x j+1/2 . In the lattice model, all terms {P j , Q j } j are projection operators satisfying P 2 j = P j and Q 2 j = Q j and commute with one another. Therefore, every state in the entire Hilbert space is labeled uniquely by eigenvalues of the mutually-commuting projection operators {P j , Q j } j and, in particular, the state on which the operators {P j , Q j } j take the value of 1 is the unique gapped ground state |GS :
where |· · · →↑→↑ · · · represents the state with τ x j+1/2 = 1 and σ z j = 1 for all j. Due to the relation Q 2 j = Q j , we can easily see that the right-hand side of Eq. (8) is the eigenvector of the operators {P j , Q j } j with the eigenvalues of 1.
The right-hand side of Eq. (9) directly leads to the decorated domain-wall interpretation. We first note that |→ j+1/2 (|← j+1/2 ) is the trivial (nontrivial) (0+1)D SPT phase protected by Z R 2 symmetry which is generated by j τ x j+1/2 . Therefore, when acted on the state |· · · →↑→↑ · · · , the second term τ z j−1/2 σ x j τ z j+1/2 of the operator Q j flips the spin σ z j and decorates nearby bonds j − 1/2 and j + 1/2 with the nontrivial (0+1)D SPT phases |← j−1/2 and |← j+1/2 . The action of Q j ∝ 1 + τ z j−1/2 σ x j τ z j+1/2 on the state thus creates a superposition of absence and presence of the spin domain at site j with properly decorated Z R 2 -SPT phases. Therefore, we can conclude that the product i Q i in Eq. (9) produces an equal-weight superposition of all possible domain-wall configuration where the domain walls are decorated with the nontrivial (0+1)D Z R 2 -SPT phases. We note that Ref. [32] clarifies the relation between the cluster Hamiltonian and the Haldane phase of the spin-1 chain.
B. Bosonic topological insulator as decorated domain walls
Similarly to the (1+1)D Z 2 ×Z 2 SPT phase, we can understand the (2+1)D bosonic topological insulator, which is an SPT phase protected by U(1) Z T 2 symmetry, within the decorated domain-wall interpretation. According to the cobordism classification performed in Appendix A, the bosonic topological insulator is identified with the generator of the cohomology group of
which agrees with the previously obtained classification [7, 25, 29] . On the left-hand side, the coefficient
Z is nothing but the (0+1)D SPT protected by the U(1) symmetry, i.e., the U(1) charge parametrized by an integer. According to a standard algebraic definition of group cohomology, the generator ν ∈ H 2 (Z T 2 ; H 2 (U(1); Z)) is represented by the following homogeneous cocycle:
where we introduce the label C to denote the U(1) charge, i.e., 1 C refers to the U(1) charge of +1. Similarly to Sec. II A, the homogeneous cocycle ν can be interpreted as decorated domain walls (or more precisely decorated 'defects'). To see this, let us consider a triangle on which Z T 2 -values are assigned to the three vertices which are labeled by the numbers i =0, 1 and 2. Then the map ν is graphically represented as the left figure in Fig. 1 , where the three Z T 2 -values (g 0 , g 1 , g 2 ) assigned to vertices map to |n C = ν(g 0 , g 1 , g 2 ) at the center of the triangle. On each vertex i ∈ {0, 1, 2}, we then identify the two elements 0 and 1 of Z T 2 with the eigenvalues 1 and −1 of the Pauli matrix σ z i as depicted in the right figure of Fig. 1 . Then the cocycle ν satisfying Eq. (12) signifies that the center of the triangle should be decorated with a nontrivial U(1)-charge |1 C if and only if the spin configuration is (σ z 0 , σ z 1 , σ z 2 ) = (1, −1, 1) or (−1, 1, −1). Similarly to Sec. II A, we can finally obtain
, which maps three Z T 2 values {g0, g1, g2} to a U(1) charge parametrized by an integer n C . As discussed in the main text, we identify the Z T 2 values on vertices with the physical degrees of freedom of spin-up and -down states {|↑ , |↓ }. the SPT wave function by taking a superposition of all possible spin configuration with appropriately decorated U(1) charges.
III. LATTICE MODEL FOR BOSONIC TOPOLOGICAL INSULATOR
To construct an SPT phase from the cocycle in Eq. (12), we consider the triangular lattice depicted in Fig. 2 . On the lattice, a hardcore boson α with U(1) charge +1 is assigned to each up-pointing triangle and a hardcore boson β with U(1) charge −1 is assigned to each down-pointing triangle. For each vertex, we assign a pseudo spin-1/2 σ. Here, σ represents the Pauli matrices and α and β are annihilation operators of hardcore bosons satisfying
where we note that a hardcore boson satisfies the fermionic anti-commutation relation on a single site.
Symmetry
As the U(1) Z T 2 symmetry protecting the bosonic topological-insulator phase, we consider
where θ ∈ R/2πZ and the anti-unitary operator K is the complex conjugation. We note that the minus sign in front of β † β signifies that the hardcore boson β has the U(1) charge of −1. It is straightforward to see that the time-reversal operator T squares to 1 and that the symmetry group is U(1) Z T 2 , i.e., T U (θ) = U (−θ)T .
SPT wave function
According to the decorated domain-wall interpretation of the bosonic topological insulator discussed in Sec. II B, the SPT wave function on the triangular lattice can be represented formally as
which signifies that the SPT wave function is an equalweight superposition of all possible spin configurations |spins with appropriately decorated U(1) charges ν in accord with Eq. (12) . We note that a down-pointing triangle is decorated with U(1) charge −ν with an additional minus sign. The minus sign assigned to the triangle with a reversed orientation is necessary so that the resultant wave function is U(1) symmetric. The same minus sign is needed for the Dijkgraaf-Witten theory developed in Ref. [7] .
Lattice model
What we have to do next is to construct a lattice Hamiltonian whose ground state is given by Eq. (20) . We first explicitly write down the Hamiltonian on the triangular lattice in Fig. 2 :
where the operators P ∆ , P ∇ and V i are defined in Fig. 3 .
The operators are written down as
where the subscripts {0, 1, 2} in Eqs. (22) and (23) Figure 2 . The lattice on which we construct the bosonic topological-insulator phase. A hardcore boson α with U(1) charge +1 is assigned to each up-pointing triangle. For a down-pointing triangle, we assign a hardcore boson β with U(1) charge −1. For a vertex, we assign a pseudo spin-1/2 σ.
As noted in the main text, U(1) charge −1 is necessary so that we construct a U(1)-symmetric SPT wave function. A spin σ is called a 'pseudo' spin since we consider the time-reversal operator T which does not flip σ x . The right figure specifies the labels 0, 1 and 2 assigned to the vertices of a triangle, i.e., the branching structure in other words. The branching structure is also represented by the arrows on the edges of a triangle.
the branching structure. The subscripts {a, b, c, d, e, f } in Eq. (24) label the six faces (triangles) sharing the vertex i. Operators L are defined as
Since the model is a bit complicated, let us first clarify the role of the operators P ∆ , P ∇ and V i by considering a toy model which is simple but shares an essential feature with the Hamiltonian Eq. (21) . As the toy model, we consider a four-dimensional Hilbert space whose orthonormal basis is given by {|0 , |1 , |2 , |3 }. Here, the states {|0 , |1 } simulate spin configurations with appropriately decorated U(1) charges on the lattice in Fig. 2 and the states {|2 , |3 } simulate the other states. Now, what we would like to do is to have a Hamiltonian whose unique ground state is given by an equal-weight superposition of |0 and |1 , which simulates the SPT wave function on the lattice in Fig. 2 . The states {|2 , |3 }, which simulate the inappropriately decorated domain walls, should not be included in the ground state-wave function. For this purpose, we consider the following Hamiltonian h:
which indeed has a unique ground state of |0 + |1 . An important observation is that the Hamiltonian h can be divided in two parts:
where the first part |0 0|+|1 1| is a projection operator to the sub-Hilbert space consisting only of |0 and |1 , i.e., the appropriately decorated domain walls. The second part |1 0| + |0 1| causes a transition between different decorated domain walls. In the original Hamiltonian in Eq. (21), the operators P ∆ and P ∇ play the role of the projection |0 0| + |1 1|, and the operator V i plays the role of the transition |1 0| + |0 1|. In this way, the Hamiltonian H is constructed so that the ground state of H is an equal-weight superposition of spin configurations with properly decorated U(1) charges. Going back to the original Hamiltonian H in Eq. (21), let us elaborate more on the physical meaning of the op-erators {P ∆ , P ∇ , V i } ∆,∇,i . The projection operators P ∆ and P ∇ in Eqs. (22) and (23) are rewritten as
which clarify the operational meaning of P ∆ and P ∇ . If σ z 0 = −σ z 1 and σ z 1 = −σ z 2 , the operator P ∆ (P ∇ ) reduces to α † α (β † β) that projects the hardcore boson α (β) to the state where the particle number equals 1. For the other spin configurations, P ∆ (P ∇ ) reduces to αα † (ββ † ) that projects the hardcore boson α (β) to the state where the particle number equals 0. In short, P ∆ and P ∇ are the projection onto the states satisfying Eq. (12). Concerning the operator V i in Eq. (24), the term σ x i L a L b L c L d L e L f flips the spin at the vertex i and deforms the configuration of U(1) charges surrounding the vertex i so that the resultant configuration of U(1) charges correctly decorate the spin configuration in accord with Eq. (12). For example, when σ z (a0) = σ z (a2) , the operator L a reduces to β a + β † a which flips the presence and the absence of the hardcore boson β a at the center of the triangle a, and when σ z (a0) = −σ z (a2) , the operator L a reduces to 1 which does not alter the configuration of β a . The role of the term P a ∇ P b ∆ P c ∇ P d ∆ P e ∇ P f ∆ in Eq. (24) is more subtle: The term guarantees that the operator V i is U(1) symmetric. Namely, the term P a ∇ P b ∆ P c ∇ P d ∆ P e ∇ P f ∆ in the operator V i recovers the U(1) symmetry, which is apparently broken by the terms such as β a + β † a in L a .
Uniqueness of the ground state
We finally discuss that the Hamiltonian H in Eq. (21) has a unique gapped ground state. The uniqueness of the ground state can be checked in the following manner:
1. Firstly, we can straightforwardly check that the operators {P ∆ , P ∇ , V i } ∆,∇,i are mutually commuting projection operators satisfying P 2 ∆ = P ∆ , P 2 ∇ = P ∇ and V 2 i = V i . Namely, there is a basis that diagonalizes the operators P ∆ , P ∇ and V i for all ∆, ∇ and i, and each eigenvalue of the operators is either 0 or 1. Figure 4 . The semi-infinite cylinder on which we discuss the topological response and the surface anomaly. The yellowcolored curve is the boundary of the cylinder. Here L refers to the system size of the boundary.
Secondly, we can see that the number of the ba-
It then follows that each basis vector is uniquely labeled by the eigenvalues of the operators {P ∆ , P ∇ , V i } ∆,∇,i and, in particular, the unique ground state is the state in which all the opeartors {P ∆ , P ∇ , V i } ∆,∇,i take the eigenvalue 1. The excitation gap above the ground state is exactly 1 regardless of the system size since one of the operators in {P ∆ , P ∇ , V i } ∆,∇,i takes on the value of 0 for the first excited state.
IV. SURFACE ANOMALY AND TOPOLOGICAL RESPONSE
In the last section, we construct a commutingprojector Hamiltonian from the decorated domain-wall interpretation of SPT phases. In this section, we argue that the constructed model indeed realizes the bosonic topological insulator. For this purpose, we consider the lattice model put on a semi-infinite cylinder as depicted in Fig. 4 . According to Ref. [25] , a Kramers doublet emerges on the boundary of the cylinder if a π-flux of the U(1) gauge field is inserted to the cylinder [33]. We thus examine the topological response within our lattice model.
Surface degrees of freedom
For a later purpose, we first introduce 'dressed' spin operators on the boundary of the semi-infinite cylinder depicted in Fig. 4 . Compared with the original boundaryless model, the Hamiltonian H in Eq. (21) put on the semi-infinite cylinder lacks the vertex terms V i on the boundary, since three triangles surrounding the vertex i are absent. Therefore, the Hamiltonian H on the semiinfinite cylinder exhibits 2 L -fold degenerate ground states which were originally labeled by the 2 L eigenvalues of the defunct vertex operators on the boundary. To label these 2 L -fold degenerate ground states, we introduce dressed spin operators τ depicted in Fig. 5 , which are written down as 
where we note that τ x j 2 = P a ∇ P b ∆ P f ∆ = 1 holds since we now focus on the 2 L -fold degenerate ground states on which P a ∇ = P b ∆ = P f ∆ = 1. Other important properties of the dressed spin operators are that they commute with the bulk Hamiltonian and that they are mutually commuting for different vertices:
Therefore, the 2 L -fold ground states are labeled uniquely by the eigenvalues of τ z j j and τ x j flips the eigenvalue of τ z j without going outside the 2 L -fold degenerate ground states.
Anomalous representation of symmetry
Based on the effective boundary degrees of freedom τ , we deduce the representation of the U(1) Z T 2 symmetry on the boundary. For this purpose, we first consider the action on τ of the symmetry generators T and U (θ) which are defined in Eqs. (18) and (19):
which can be obtained straightforwardly from Eqs. (35), (36) , (18) and (19) . From these equations, we can deduce that the operators T and U (θ) on the boundary can be represented effectively as
up to a phase factor. It is interesting to note that the representation Eq. (46) has a suggestive physical interpretation. Since the factor j
in U (θ) counts the number N DW of the spin-domain walls, U (θ) is represented as e −i θ 2 N DW , where due to the factor − 1 2 in the exponent, each spin-domain wall has a fractionalized U(1) charge of − 1 2 . Anomaly of the symmetry representation can be seen from the non-onsite nature of the operator U (θ) in Eq. (46), i.e., U (θ) cannot be represented as a product of operators each of which is defined on a single site. The non-onsite nature prevents the U(1) symmetry on the boundary to be gauged [7] , since a conventional gauging process requires an insertion of gauge fields on links between local degrees of freedom. Such an obstruction to gauging a symmetry is the manifestation of the 't Hooft anomaly [34].
Topological response
We finally examine the effect of π-flux insertion to the semi-infinite cylinder. On the lattice in Fig. 4 , the πflux insertion can be implemented as a twisted boundary condition along the tangential direction of the cylinder. Since the U(1) gauge field couple only to the hardcore bosons α and β (Eq. (18) consists of the hardcore bosons), the twisted boundary condition can be represented as
where the subscripts j runs from 0 to L − 1 as in Fig. 4 . On the boundary of the cylinder, the twisted boundary condition affects the effective surface degree of freedom τ x 0 introduced in Eq. (35) which include α −1 in itself. As summarized in Fig. 6 , hardcore boson α L−1 included in τ x 0 is twisted by the π-flux, i.e., α L−1 → α L−1 e iπ . Consequently, τ x 0 becomes
where τ z R is the Pauli-z matrix of a reference spin inside the bulk as depicted in Fig. 6 . Now we are ready to show the emergence of the Kramers doublet under the twisted boundary condition. Due to Eq. (49), the time reversal operator T introduced in Eq. (45) becomes
While the original time-reversal operator T squares to 1, the twisted time-reversal operator T twist squares to −1, since on the right-hand side of Eq. (50), τ x L−1 included in T and τ z L−1 anti-commute with each other. The equation T 2 twist = −1 signifies that the π-flux insertion to the semi-infinite cylinder produces a Kramers doublet on the boundary of the cylinder, which is the desired topological response of the bosonic topological insulator.
V. SURFACE THEORY
Finally, we discuss the anomaly matching of a surface theory which preserves the U(1) Z T 2 symmetry. The 't Hooft anomaly matching of the U(1) Z T 2 symmetry indicates that the ground states of a surface Hamiltonian H b are either gapless or breaking U(1) Z T 2 symmetry, as long as H b commutes with the symmetry generators given in Eqs. (45) and (46); however, we can not give a proof of the general statement so far. Therefore, we here discuss the anomaly matching in a more limited situation: As a surface theory, we consider a translationally invariant 3-local Hamiltonian H b which consists only of the terms containing nearby three spins. A possible Hamiltonian is given by
It is worth noting that the model is mapped to the XX-chain with a uniform magnetic field by the Kramers-Wannier transformation [35] in the thermodynamic limit. It is then natural to consider that the model can be solved analytically by means of the following Jordan-Wigner transformation:
where γ j and η j are Majorana fermion operators. Then the Hamiltonian H b in Eq. (51) becomes
where we impose γ j+L = −γ j and η j+L = −η j for the Hilbert space with even fermion parity and impose γ j+L = γ j and η j+L = η j for the Hilbert space with odd fermion parity. Since H b is now the model of a free fermion, H b can be diagonalized analytically and we obtain the ground-state phase diagram as depicted in Fig. 7 . In the phase diagram, time reversal-symmetrybreaking ferromagnetic and anti-ferromagnetic phases emerge when h > 2 and h < −2, respectively, where the ground-state energy is given by −|h|L. Here the ferromagnetic phase refers to the states in which the magnetization j τ z j takes on a nonzero value, and the antiferromagnetic phase refers to the states in which the Neel order parameter j (−1) j τ z j takes on a nonzero value. The parameter region of −2 ≤ h ≤ 2 supports a gapless phase where the dispersion relation of one-particle excitation is given by k = 2 |2 cos k + h|, in which k represents the momentum variable. Since the ground states are either gapless or break time-reversal symmetry, we can conclude that the Hamiltonian H b indeed matches the 't Hooft anomaly.
For a more generic Hamiltonian, we perform a numerical simulation; see Appendix B.
VI. SUMMARY AND DISCUSSION
In the present paper, we construct an exactly solvable lattice model for the (2+1)D bosonic topological insulator which is an SPT phase protected by U(1) Z T 2 symmetry. The discussion in the main text is summarized in the following. We first calculate the cobordism group that classifies the SPT phases protected by U(1) Z T 2 symmetry by means of spectral sequence in algebraic topology. We then physically interpret the E ∞ -page of the spectral sequence as the decorated domain walls and construct the wave function of the bosonic topological insulator. An analysis of a toy model then enables us to construct an exactly solvable lattice model that realizes the decorated domain-wall wave function as the ground state. The topological non-triviality of the constructed model is then demonstrated by examining a topological response, which refers to an emergence of a Kramers doublet when the system is put on a semi-infinite cylinder penetrated by a π-flux. The surface anomaly of the U(1) Z T 2 symmetry is shown by a non-onsite representation of the symmetry operators on a surface and the anomaly matching is discussed within a simple surface theory.
Our results may offer a numerical tool in searching for a system that realizes the bosonic topological insulator phase. Since we construct the SPT-wave function of the bosonic topological insulator on the lattice in Fig. 2 , it is possible to measure numerically the overlap between the SPT-wave function and a numerically obtained groundstate wave function for another Hamiltonian on the lattice. By measuring the overlap, we may judge whether the bosonic topological insulator phase is realized or not as a ground state of a given Hamiltonian.
A similar construction of exactly solvable lattice models may be possible for other SPT phases in which timereversal defects are decorated with SPT phases in a lower dimension. For example, the (3+1)D bosonic topological insulator and the electric Z 2 topological insulator in class AII are candidates of this construction, which may be addressed in a future publication.
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where DΩ q SO (pt) T is the Anderson dual of the oriented bordism group on which Z T 2 acts nontrivially. Here S ∞ denotes the infinite sphere and CP ∞ is the infinite union of the complex projective spaces. The space S ∞ × Z2 CP ∞ is the classifying space of U(1) Z T 2 where on S ∞ and CP ∞ , Z T 2 acts as the antipodal map and complex conjugation, respectively. As long as we are interested in the (2+1)D system, we have only to consider the case of q = 0, since the oriented cobordism groups DΩ d SO = 0 for d = 1, 2, 3. We thus employ the following Leray-Serre spectral sequence:
where T q means that Z T 2 acts on H q (CP ∞ ; Z) nontrivially (trivially) when q = 2 (q = 0, 4): The complex conjugation changes (preserves) the orientation when q = 2 (q = 0, 4). We summarize the E 2 page in Table I . By comparing the obtained E 2 page and the results in Ref. [38] , we can see that the E 2 page survives up to the E ∞ -page. We thus obtain
which agrees with Refs. [29, 38] . Due to the relations RP ∞ = BZ 2 and CP ∞ = BU(1), we finally obtain
As a consequence, the bosonic (2+1)D topological insulator can be constructed by decorating a codimension-2 defect with a U(1) charge. We note that the bosonic (3+1)D topological insulator can be constructed by decorating a codimension-1 domain wall with a bosonic integer quantum Hall system.
This appendix complements the discussion in Sec. V. In particular, we discuss the surface-anomaly matching of a more generic translationally invariant 3-local Hamiltonian given by For the Hamiltonian, we numerically calculate the energy gap above a ground state, which is expected to be 0 in the thermodynamic limit due to the anomaly. For the purpose, we employ the density matrix-renormalization group (DMRG) method which are performed using the ITensor library [39] . We should note that the obtained results do not convincingly show that the energy gap becomes 0 in the thermodynamic limit. However, we explicitly present the results in this appendix since the results are suggestive enough. Before we present the results, we here summarize the details of the parameters used in the DMRG calculation. For a fixed system size L and the parameters h and D of the Hamiltonian, we calculate the energies of the ground and the first excited states, where the number of sweeps is 50, the maximum truncation error is 10 −10 and the bond dimension is at most 1200. To perform the DMRG calculation under the periodic boundary condition, we employ the prescription of mapping a periodic spin chain to an open spin ladder: Site i is re-labeled as 2i + 1 when i ≤ L/2 and is re-labeled as 2(L − i − 1) when i > L/2.
With these setup, we obtain Fig. 8(a) , where the energy gap is plotted against the parameters h and D of the Hamiltonian in Eq. (B1) for an increasing system size L. We can see a large plateau in the region of D 0, where 2-fold degenerate ground states emerge. In this region, the ground states spontaneously break the time-reversal symmetry and exhibit the Neel order when h < 0 and exhibit the ferromagnetic order when h > 0 as depicted in Fig. 8(b) . In the region of D 0, we see a finite energy gap above a ground state which tends to decrease as the system size L grows up; however, we could not perform a well-controlled extrapolation of the energy gap to the thermodynamic limit in this parameter region. To see this, we explicitly show in Fig. 9 the extrapolation of the energy gap. As we can see, except for some points, the energy gap is proportional to the inverse system size 1/L, which is expected for the gapless phase. The red line shows the extrapolation without the exceptional points and the extrapolation leads to the energy gap less than 10 −2 in the thermodynamic limit. The result seems to suggest that the system supports the gapless phase but we can not reach the conclusion since we are not aware of the origin of the exceptional points.
In summary, we obtain the result which suggests that the energy gap in the thermodynamic limit is likely to be 0, but there appear some exceptional points obstructing the extrapolation of the energy gap to the thermodynamic limit. The origin of the exceptional points is not clear. Here L represents the system size of the (1+1)D boundary of the semi-infinite cylinder. In the region of D 0, we see a large plateau where the energy gap is almost 0. In the region of D 0, we see a finite energy gap above a ground state which tends to decrease as the system size L grows up. (b) The Neel order parameter (blue-colored surface) and the ferromagnetic order parameter (orange-colored surface) are plotted against the parameter h and D of the surface Hamiltonian. In the region of D 0, where the energy gap is almost 0, the ground states exhibit the Neel order when h < 0 and exhibit the ferromagnetic order when h > 0. . Energy gap is plotted against the inverse system size 1/L for some fixed parameters h and D of the surface Hamiltonian Eq. (B1). We can see that the energy gap is proportional to 1/L except for some points. The red line shows the extrapolation without the exceptional points and the extrapolation leads to the energy gap less than 10 −2 in the thermodynamic limit.
